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Abstract. In this work the chemistry of asymptotically AdS black hole, charged and uncharged, solutions
of Pure Lovelock gravity is discussed. For this the mass parameter of black holes is identified with the
enthalpy of the system together with the promotion of the cosmological constant to a thermodynamics
variable proportional to the pressure of the system. The equations of state for both, charged and uncharged,
are obtained. It is shown that the charged case behaves as a Van der Waals fluid. The existence of a first
order phase transition between small stable/large stable black hole, which is a reminiscent of the liquid/gas
transition, is found. The critical exponents of the thermal evolution, for different cases of interest, are similar
to those of the Van der Waals fluid.
PACS. PACS-key discribing text of that key – PACS-key discribing text of that key
1 Introduction
Certainly the existence of black holes was one of the most
interesting predictions of General Relativity. However, the
discovery that these objects, due to quantum fluctuations,
emit as black bodies with temperatures dictated by the
surface gravity [1–4], a purely geometric magnitude, simul-
taneously exposed black holes as thermodynamic objects
and showed that black holes are scenarios where geometry
and thermodynamics intertwine.
The first law of the black hole thermodynamics (see
for instance Ref. [5]) is given by
dM = TdS +ΩdJ + φdQ, (1)
and represents the balance of energy through the modifica-
tion of the macroscopic parameters of the black hole. Here
M corresponds to the mass parameter and was consid-
ered the internal energy of the system, namely the (ADM)
mass. Finally, in Eq.(1) T is the temperature computed as
the (4π)−1κ with κ is the surface gravity of the black hole
horizon, S is the entropy,Ω is the angular velocity, J is the
angular momentum, φ is the electrostatic potential and Q
is the electric charge.
By comparing Eq.(1) with the first law of thermody-
namics one can notice the absence of the pressure/volume
term, namely −pdV , which would stand for the macro-
scopic work done by the system. In a matter of speaking,
this was due to the lack of the concepts of volume and
a e-mail: milko.estrada@ua.cl
b e-mail: raros@unab.cl
pressure for a black hole in the original derivation, based
on accretion processes. Several works have studied this
issue in the last 20 years [6–9]. To address this problem
let us consider the first law of thermodynamics (see for
example [9]):
dU = TdS − pdV +ΩdJ + φdQ, (2)
where U stands for the internal energy. To extend Eq.(1)
to match Eq.(2), one can think of assigning a volume to
the black hole by considering the volume defined its ra-
dius, for example V = 43πr
3
+ for d = 4 case. Unfortu-
nately, since entropy is a function of the horizon radius
as well, then Eq.(2) would be inconsistent due to dS and
dV would not be independent directions. To address this
problem, in Ref. [10], was proposed to reinterprete the
mass parameter as the Enthalpy of the black hole, instead
of internal energy U . Moreover, the cosmological constant
was connected with the thermodynamic pressure. The law
obtained is called the first law of (black hole) thermody-
namics in the extended phase space. In Ref. [11], on the
other hand, the promotion of the mass parameter to the
enthalpy is based on the fact that to form a black hole
would require to cut off a region of the space, and there-
fore an initial energy equal to E0 = −ρV , with ρ the en-
ergy density of the system, is needed. In four dimensions
the thermodynamics volume corresponds to V = 43πr
3
+.
Moreover, the presence of the cosmological constant de-
fines ρ = −P and therefore the mass parameter can be
considered equivalent to
M = U − ρV = U + pV, (3)
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Here M is to be recognized as the enthalpy H of the sys-
tem. With this in mind, the first law, in this extended
phase space, yields
dM = dH = TdS + V dp+ φdQ +ΩdJ. (4)
This extended first law (4) also was derived in reference
[12] by using Hamiltonian formalism. It is worth to men-
tion that the definition of the extended phase space have
allowed to construct a heat engine in terms of a black
hole, see some examples in references [11, 13–17], adding
a new layer to our understanding of the black hole ther-
modynamics. Another interesting applications is the Joule
Thompson expansion for black holes studied in [18–21].
1.1 Phase Transitions
The study of phase transitions in black hole physics has
called a renewed attention in the last years due to the
AdS/CFT conjecture. For instance, it is well known that
the Hawking-Page phase transition [22], in the context of
the AdS/CFT correspondence, has been re-interpreted as
the plasma gluon confinement/deconfinement phase tran-
sition in the would-be dual (conformal) field theory. Sim-
ilarly, the AdS Reissner Nordstro¨m’s transitions in the
(φ− q) diagram have been interpreted as liquid/gas phase
transitions of Van der Waals fluids [23, 24].
Recently the analysis of the p − V critical behaviors
(in the extended phase space) have been under studied
extensively [25–41]. For instance, in [42] was studied in
the context of the charged 4D AdS black holes how the
phase transitions between small/large black hole are anal-
ogous to liquid/gas transitions in a Van der Waals fluid.
Moreover, it was also shown that the critical exponents,
near the critical points, recovers those of Van der Waals
fluid with the same compressibility factor Z = 3/8. In
reference [12] was introduced a new interpretation of the
Hawking Page phase transition [22] mentioned above, but
in the context of p− V critical behavior.
1.2 Higher Dimensions, Lovelock and thermodynamics
During the last years 50 years several branches of theoret-
ical physics have noticed that considering higher dimen-
sions is plausible. Now, considering higher dimension in
gravity opens up a range of new possibilities that retain
the core of the Einstein gravity in four dimensions. Love-
lock is a one of these possibilities as, although includes
higher powers of curvature corrections, its equations of
motion are of second order and thus causality is still in-
sured. Generic Lovelock theory is the sum of the Euler
densities Ln in lower dimensions (2n ≤ d) multiplied by
coupling constants αn
1. The Lagrangian is
L =
[d/2]∑
n=0
αnLn, (5)
1 In even dimensions the maximum order, n = d/2, is in turn
the corresponding Euler density of the dimension and therefore
does not contribute to the equations of motion,
where Ln =
1
2n
√−g δµ1...µ2nν1...ν2n Rν1ν2µ1µ2 · · ·R
ν2n−1ν2n
µ2n−1µ2n . The
L0 ∝ 1 term is related by the cosmological constant, L1 ∝
R is related by the Ricci scalar, and L2 ∝ RαβµνRµναβ −
4RανβνR
βµ
αµ +R
αβ
αβR
µν
µν is the Gauss Bonnet density.
The EOM are:
1√
g
δ
δgµν
(L
√
g) = Gµν
=
∑
n
αn
1
2n
δµ1...µ2nµν1...ν2nν R
ν1ν2
µ1µ2 . . . R
ν2n−1ν2n
µ2n−1µ2n
(6)
where Gµν(LL) which, by definition, satisfies ∇µGµν(LL) ≡ 0.
In higher curvature the p−V criticality have been stud-
ied for example in reference [43] for generic Lovelock black
holes with conformal scalar hair arising from coupling of a
real scalar field to the dimensionally extended Euler den-
sities and in reference [44] for a regular charged AdS black
hole in Einstein Gauss Bonnet gravity. See also [45, 46].
One drawback of a generic Lovelock gravity is the ex-
istence of more than single ground state, namely more
than a single constant curvature spaces solution, or equiv-
alently more than a single potential effective cosmological
constants [47]. However, there are two families of Lovelock
gravities that have indeed a single ground state. The first
family has been originally studied in [48] and has a unique
but k degenerated ground state.
The second case is usually called Pure Lovelock gravity.
In this case the Lagrangian is a just the n-single term of
Lagrangian plus a cosmological constant, i.e., L = αnLn+
α0L0. This has a single and non-degenerated ground state
of negative curvature −1/l2 for n odd. Several solutions of
Pure Lovelock theories are known. For instance vacuum
black hole solutions can be found in references [49–54]
and regular black holes in references [55, 56]. See other
applications in references [57–60].
In the next sections the thermodynamic of the Pure
Lovelock solutions will be carried out in details. For this,
the cosmological constant will be promoted to the inten-
sive thermal pressure of the system. Under this assump-
tion, it will be shown that the system behaves as Van der
Waals fluid. Finally, the critical coefficient near the critical
points will be computed.
1.2.1 Vacuum black hole in Pure Lovelock gravity:
Uncharged Asymptotically AdS Case
Let us consider a static geometry, represented in Schwarzschild
coordinates by
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2dΩ2d−2. (7)
For simplicity the cosmological constant is fixed such that
Λ = − (d− 1)(d− 2)
2l2n
. (8)
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This is similar to the definition in [54] but a numerical
factor. The equations of motion reduce to merely
d
dr
(
rd−2n−1
(
1− f(r))n + rd−1
l2n
)
= 0. (9)
Solutions of these equations have been studied in refer-
ences [49, 57]. In terms of Eq.(7) the solution is defined
by
f(r) = 1−
(
2M
rd−2n−1
− r
2n
l2n
)1/n
. (10)
One can notice that f(r) can take complex values for even
n. Because of this, in this work will be considered only
odd n. The thermodynamic pressure can be read off this
definition as
p = − Λ
(d− 2)Ωd−2 , (11)
whereΩd−2 is the unitary area of a d−2 sphere. It is worth
to stress that Eqs.(8,11) coincide with the definitions in
Ref. [12,42] for n = 1 and d = 4. Now, replacing Eqs.(8,11)
into Eq.(10) yields
f(r) = 1−
(
2M
rd−2n−1
− 2Ωd−2r
2n
d− 1 p
)1/n
, (12)
where the dependence of f(r) on p,M have been made
explicit.
1.2.2 Charged Pure Lovelock solution
The charged case is slightly difference since it is necessary
to solve the Maxwell equations and to include an energy
momentum tensor into the gravitational equations. Let us
start by defining Aµ = At(r)δ
t
µ, which defines only the
non-vanishing component of the Maxwell tensor
Ftr = −∂rAt(r), (13)
and the single non vanishing component of the Maxwell
equations,
∇µFµν = 0→ d
dr
(
rd−2Ftr
)
= 0. (14)
Likewise, the gravitational equations are reduced to the
single independent component
d
dr
(
rd−2n−1
(
1− f(r))n + rd−1
l2n
)
= (Ftr)
2rd−2. (15)
It is straightforward to integrate Eqs.(14,15) yielding [54]
f(r) = 1−
(
2M
rd−2n−1
− r
2n
l2n
− Q
2
(d− 3)r2d−2n−4
)1/n
,
(16)
and
Ftr =
Q
rd−2
→ At(r) = φ∞ + Q
(d− 3)rd−3 , (17)
As usual φ∞ = 0 is fixed such that lim
r→∞
At(r) = 0.
Now, by direct observation, one can notice that for
even n the existence of certain ranges of r where f(r)
can take complex values. To avoid this only odd n will be
considered from now on.
As done previously, by replacing Eqs(8,11) into Eq.(16),
f(r) can be written in terms of the thermodynamics vari-
ables as
f(r) = 1−
(
2M
rd−2n−1
− 2Ωd−2r
2n
d− 1 p−
Q2
(d− 3)r2d−2n−4
)1/n
.
(18)
2 Extended phase space in Vacuum Pure
Lovelock Gravity
In this section the extended phase space formalism, men-
tioned above, will be introduced to analyze the solutions.
One can notice that the fist law of the thermodynamics,
Eq.(4), for the non rotating case takes the form
dH = dM = TdS + V dp+ φdQ. (19)
Now, in order to construct a thermodynamic interpreta-
tion one must notice that under any transformation of
the parameters the function f(r+,M,Q, l) must still van-
ishes, otherwise the transformation would not be mapping
black holes into black holes in the space of solutions. In-
deed, δf(r+,M,Q, l) = 0 and f(r+,M,Q, l) = 0 are to
be understood as constraints on the evolution along the
space of parameters. However, there is another approach
by recalling that the mass parameter,M , is also to be un-
derstood as a function of the parameters M(r+, l, Q) as
well.
Since the thermodynamic parameters are S, p and Q,
therefore it is convenient to reshape M = M(S, p,Q) in
order to explicitly obtain
dM =
(
∂M
∂S
)
p,Q
dS +
(
∂M
∂p
)
S,Q
dp+
(
∂M
∂Q
)
p,S
dQ.
(20)
This corresponds to the definitions of the component of
the tangent vector in the space of parameters, but also
correspond to the definitions of the temperature, thermo-
dynamic volume and electric potential in the form of
T =
(
∂M
∂S
)
p,Q
, (21)
V =
(
∂M
∂p
)
S,Q
and (22)
φ =
(
∂M
∂Q
)
S,p
. (23)
On the other hand, the variation along the space of
parameters of the condition defined by f(r+,M, p,Q) = 0,
df(r+,M, p,Q) = 0 (24)
=
∂f
∂r+
dr+ +
∂f
∂M
dM +
∂f
∂p
dp+
∂f
∂Q
dQ,
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yields a second expression for dM given by
dM =
(
1
4π
∂f
∂r+
)(
− 1
4π
∂f
∂M
)
−1
dr+
+
(
− ∂f
∂M
)
−1(
∂f
∂p
)
dp+
(
− ∂f
∂M
)
−1(
∂f
∂Q
)
dQ,
(25)
which must coincide with equation (20). In Eq.(25) one
can recognize presence of the temperature, which geomet-
rically is defined as
T =
1
4π
∂f
∂r+
, (26)
yielding (
− 1
4π
∂f
∂M
)
−1
dr+ = dS, (27)
which is a very known result. Now, by the same token, the
thermodynamic volume and electric potential are given by
V =
(
∂M
∂p
)
S,Q
=
(
− ∂f
∂M
)
−1(
∂f
∂p
)
(28)
and
φ =
(
∂M
∂Q
)
S,p
=
(
− ∂f
∂M
)
−1(
∂f
∂Q
)
, (29)
respectively. These expressions will be discussed in the
next sections.
2.1 Smarr Expression
Considering Plank units, one can notice that p, the pres-
sure, has units of [p] = ℓ−2n. See Eqs.(8,11, 35). Likewise,
one can check that [M ] = ℓd−2n−1, [Q] = ℓd−n−2 and
[S] = ℓd−2n.
Following Euler’s theorem [61], with M(S, p,Q), one
can construct the Smarr formula for Pure Lovelock gravity
given by
d− 2n− 1
d− 2n M = TS +
d− n− 2
d− 2n φQ −
2n
d− 2nV P. (30)
This coincides with the definitions discussed in [12,42,61]
for n = 1 . Derivations of the Smarr formula for generic
Lovelock theory are discussed in [62, 63].
2.2 Uncharged asymptotically AdS
Replacing the solution of Eq.(12) into Eq.(27) yields
(
− 1
4π
∂f
∂M
)
−1
dr+ = 2πnr
d−2n−1
+
= d
(
2
d− 2nnπr
d−2n
+
)
= dS, (31)
or equivalently
S =
2
d− 2nnπr
d−2n
+ , (32)
which coincides with reference [49]. Eq.(28), on the other
hand, yields
(
− ∂f
∂M
)
−1(
∂f
∂p
)
= V =
Ωd−2
d− 1r
d−1
+ , (33)
which corresponds to the volume of a (d − 2) sphere of
radius r+ . This coincides with the definition in Refs. [12,
42].
2.2.1 Fluid equation of state
It is worth to notice at this point that the temperature,
see Ref. [55], can be expressed as
4πnT =
d− 2n− 1
r+
+ (d− 1)r
2n−1
+
l2n
, (34)
where, the temperature has units of ℓ−1. One can make ex-
plicit the dependence on the pressure, by inserting Eqs.(8,11)
into Eq.(34). Therefore,
2Ωd−2p = 4πn
T
r2n−1+
− d− 2n− 1
r2n+
. (35)
2.2.2 Physical Pressure
Before to proceed a digression is necessary. As mentioned
above [p] = ℓ−2n, however the physical pressure, pG, must
be satisfied [Force/Area]= ℓ−2p , since the area has units of
[area]= ℓd−2p . In the literature pg is called the geometrical
pressure. Since p and pG must be connected by pG ∼ αnp,
namely [pG] = [αnp] = ℓ
−d
p , therefore
– the coupling constants must satisfy [αn] = ℓ
2n−d [64].
For n = 1 this coincides with the inverse of the higher
dimensional Newton constant G−1d [65] and
– there is still room for a dimensionless constant which
can be used to adjust the definition.
With this in mind, pG can be taken as
pG = 2Ωd−2ℓ
2n−d
p p = 4πn
T
ℓd−2np r
2n−1
+
+ . . . , (36)
which, in turns, defines the specific volume of the system
as
v =
Ωd−2
2π
ℓd−2np r
2n−1
+ . (37)
Notice that v indeed has units of volume, namely [v] =
ℓd−1p [66]. Finally, after some replacements,
p =
nT
v
− 1
2Ωd−2(2π/Ωd−2)2n/(2n−1)
d− 2n− 1
v2n/(2n−1)
, (38)
which can be recognized as the Van der Walls equation for
n = 1, namely P = T/(v − b)− a/v2, with b = 0 [12].
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Fig. 1. HP phase transitions for n = 3, d = 10 and Q = 1, p =
0, 0000045(blue), p = 0, 0000050(red), p = 0, 0000055 (green).
T (horizontal axis) v/s G (vertical axis).
2.2.3 Hawking-Page phase transition
In reference [22] was analyzed the thermodynamic behav-
ior of Schwarzschild AdS space, which differs from the
Schwarzschild case due to the presence of the AdS grav-
itational potential, namely the presence of ∼ r2/l2 in
f(r) [67]. In this case there is a phase transition between
black hole and AdS radiation at a critical temperature
THP where the Gibbs free energy, G = M − TS van-
ishes [42, 67, 68].
Fig.1 displays the numerical behavior of the Gibbs free
energy v/s temperature for n = 3 and d = 10 for Pure
Lovelock. The upper curve represents the unstable small
black hole (namely with negative heat capacity) and the
lower curve represents the stable large black hole. It is
direct to show that this behavior is similar for any other
set of values of n and d.
The generic behavior is displayed in Fig.2. The upper
green curve represents the unstable small black hole, the
lower blue curve represents the stable large black hole,
and the orange curve represents the thermal AdS radia-
tion whose Gibbs free energy vanishes [12,67–69]. One can
notice that for [Tmin, THP [ the large stable black hole has
positive Gibbs free energy, therefore, the preferred state
corresponds to the thermal AdS radiation. On the other
hand, for T > THP , the preferred state is the large stable
black hole whose Gibbs free energy is negative. This hints
the existence of a Hawking Page phase transition between
radiation and the large black hole states at T = THP .
Finally, it is worth to notice, from Fig.1, that the value
of THP increases as the pressure increases. This behavior
is similar to the HP phase transition for the Schwarzschild
AdS black holes [12, 70] or the polarized AdS black holes
[69].
THP
STABLE LARGE BH
SMALL UNSTABLE BH
RADIATION
TMIN
G=0
Fig. 2. Generic behavior of Gibbs free energy (vertical axis)
v/s T (horizontal axis). HP phase transition at THP
2.3 Charged Pure Lovelock solution
By replacing Eq.(18) into Eqs.(27,28) the expressions for
the entropy (32) and the volume (33) are obtained . On
the other hand, replacing Eq.(18) into Eq.(29) yields
φ =
Q
(d− 3)rd−3 . (39)
This thermodynamics quantities, obtained by mean of vari-
ation of parameters, are consistent with the values pre-
sented in the literature.
2.3.1 Fluid equation of state
In this case the temperature can be written as
4πnT =
d− 2n− 1
r+
+ (d− 1)r
2n−1
+
l2n
− Q
2
r2d−2n−3+
. (40)
By inserting equations (8,11) into equation (40) is ob-
tained
2Ωd−2p = 4πn
T
r2n−1+
− d− 2n− 1
r2n+
+
Q2
r2d−4+
. (41)
Now, by using the definition of the specific volume, defined
in Eq.(37) with ℓp = 1,
p =
nT
v
− 1
2Ωd−2(2π/Ωd−2)2n/(2n−1)
d− 2n− 1
v2n/(2n−1)
+
1
2Ωd−2(2π/Ωd−2)(2d−4)/(2n−1)
Q2
v(2d−4)/(2n−1)
.(42)
One can notice the similarity of this relation with the cor-
responding one for a Van der Waals fluid for n = 1 but
with the presence of an addition third term.
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2.3.2 Critical points and compressibility factor
To compare Eq.(42) with the behavior of a Van der Waals
fluid it is necessary to determine the critical points of the
system. The second order critical points are defined by the
conditions,
∂p
∂v
= 0 and
∂2p
∂v2
= 0. (43)
These determine the critical values
vc =
Ωd−2
2π
(
2d2 − 2dn− 7d+ 4n+ 6
n(d− 2n− 1) Q
2
)(2n−1)/(2d−2n−4)
,
(44)
and
Tc =
n(d− 2n− 1)
2πn(2n− 1)(2π/Ωd−2)1/(2n−1)v1/(2n−1)
− (d− 2)Q
2(2π/Ωd−2)
(2n−2d+4)/(2n−1)v(2n−2d+4)/(2n−1)
2πn(2n− 1)(2π/Ωd−2)1/(2n−1)v1/(2n−1)
(45)
Notice that pc = p(vc, Tc) can be determined from equa-
tion (42) by evaluation on the critical values Tc and vc.
In the table (1) critical values vc, Tc and pc and the
compressibility factor Z = pcvv/Tc are displayed for differ-
ent values of n and d . For n = 1 and d = 4 the compress-
ibility factor has the exact value Z = 3/8 which coincides
with the value of the compressibility for a Van der Waals
fluid. In general, compressibility factor can be written as
Z =
2d− 2n− 3
4(d− 2) , (46)
which implies that Z < 1 extrictly. This implies that this
can be interpreted as a low pressure gas.
2.3.3 P − v curve.
In Fig.3 is displayed for n = 3 and d = 10 the behavior of
the curve p− v defined by equation (42). Although this is
an example still this behavior is generic for any values of
n and d.
For values of temperature T > Tc, the second and third
factors of Eq.(42) are negligible in comparison with the
first one, and therefore the curve approximates the form
p · v ∝ T and thus mimicking the behavior of an ideal
gas. Conversely, for T < Tc as v increases the p, which
diverges for v = 0, decreases until reach a local minimum.
Next, p increases until reaching a local maximum. Finally
p decreases asymptotically until reaching p = 0. Thus for
T < Tc ( or for p < pc due that T ∝ p) the behavior is
analogue to the Van der Waals fluid.
In standard vapor-liquid theory is well established that
an increase in pressure must be correlated with a decrease
in volume and vice versa. Therefore, see Fig.3, one can
notice the existence of a range of the specific volume, says
]vmin, vmax[, which must be considered nonphysical due to
both pressure and volume increase simultaneously. On the
1 2 3
-0,0005
0,0000
0,0005
0,0010
0,0015
0,0020
p
r+  v
1/(2n-1) 
 T1
 T2
 T3
 TCRI
 T4
 T5
Fig. 3. p− v curve for T1 < T2 < T3 < Tc < T4 < T5
other hand, it can be also noticed that for a single value
of the specific pressure, there might exist up to three pos-
sible values of specific volume v with one of them always
within the nonphysical region. Therefore, for analysis one
must only consider the two proper solutions that satisfy
either v1 < vmin or v2 > vmax with p(v1) = p(v2). In
fluid theory these two solutions are known as the Van der
Waals loop and physically this corresponds to a vapor liq-
uid equilibrium, highlighting that phase transitions take
place.
2.3.4 Temperature
The behavior of the temperature is displayed in figure 4(a)
for p > pc, in figure 4(b) for p = pc and in figure 4(c) for
p < pc . Although for these figures n = 3 and d = 10 it is
straightforward to show that this enfolds the generic be-
havior for any n and d. One can notice the presence of an
extreme black hole case for small r+ where the tempera-
ture vanishes. For p > pc the temperature is an increasing
function of r+. For p = pc the temperature has one inflex-
ion point at r+ = rinfl. More relevant for this discussion is
the case for p < pc, where the fluid is analogous to the Van
der Waals, and where the temperature has a local mini-
mum and a local maximum at r+ = rmin and r+ = rmax,
respectively.
2.3.5 Heat Capacity
The heat capacity is displayed in Fig.5(a) for p > pc, in
figure 5(b) for p = pc and in figure 6 for p < pc. As
previously, although n = 3 and d = 10 it is straightforward
to show that Fig.5 enfold the generic behavior for any n
and d. One can notice that
– For p > pc the heat capacity is a positive increase
function of r+, and there is no phase transition, thus
black hole is always stable.
– For p = pc small and large black hole coexist at the
inflexion point r+ = rinfl, where the heat capacity
C →∞.
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Table 1. Critical values and Compressibility Factor (Z) .
n d vc Tc pc Z =
pcvc
Tc
1 4 Ωd−2/(2pi)Q
√
6 1/(18piQ)
√
6 1/(24Ωd−2Q
2) 3/8
1 5 Ωd−2/(4pi)(120Q
2)1/4 4/(75pi)(6750/Q2)1/4 2/(45Ωd−2Q)
√
30 5/12
1 6 Ωd−2/(6pi)(6804Q
2)1/6 9/(98pi)(201.684/Q2)1/6 9/(112Ωd−2)(294/Q
2)1/3 7/16
3 8 Ωd−2/(2pi)(14Q
2)5/6 3/(490pi)(145/Q2)1/6 1/(280Ωd−2Q
2) 7/24
3 9 Ωd−2/(4pi)(21
5 · 23Q10)1/8 8/(945pi)(217 · 2/Q2)1/8 4/(735Ωd−2)(21 · 23/Q6)1/4 9/28
3 10 Ωd−2/(18pi)(792)
1/2Q 3/(242pi)(27 · 119 · 9/Q2)1/10 9/(704Ωd−2)(726/Q6)1/5 11/32
5 12 Ωd−2/(2pi)(22Q
2)9/10 5/(2178pi)(229/Q2)1/10 1/(792Ωd−2Q
2) 11/40
– For the p < pc case, the derivative (dT/dr+) can van-
ish for two values of r+ = rmin and r+ = rmax, as
observed in the figure 4(c). This implies, due to C =
(dS/dr+)/(dT/dr+)|p,Q, that the heat capacity becomes
ill-defined at those values of r+. In this way rmin and
rmax define three regions. For r+ < rmax one can no-
tice that C > 0 defining a small stable black hole.
Next, there is small unstable (C < 0) region for r ∈
]rmax, rmin[. Finally there is a third region r+ > rmin
where the system is a large stable black hole (C > 0).
This hints the existence of phase transitions but, by
means of the following analysis of the Gibbs free en-
ergy, one can check that only the small stable bh/large
stable bh transition is allowed.
2.3.6 Gibbs Free energy
The Gibbs free energy, defined as G =M−TS [12,66–68],
is displayed for n = 3 and d = 10 in figure 7(a) for p > pc,
in figure 7(b) for p = pc and in 7(c) for p < pc. It is direct
to check that this behavior is similar for other values of n
and d. As well known [25] the Gibbs free energy describes
the global stability of the system. It is worth to recall
that the global minimum represents the most likely state,
while the preferred state at fixed temperature corresponds
to the minimal value of the Gibbs free energy.
– For pressure larger than the critical pressure, the Gibbs
free energy is a single valued function.
– For p = pc there is a cusp at T = Tc, which coincides
with the radius r+ = rinfl, thus, since at this point
C = TdS/dT = −T (∂2G/∂T 2) → ∞, the discontinu-
ity on the second derivative of Gibbs function implies
the presence of second order phase transition between
small stable/large stable black holes.
– The generic behavior of the Gibbs free energy for p <
pc is displayed in figure 8. We see three possibles black
hole states: small stable, small unstable and large sta-
ble. The preferred state is such that the Gibbs free en-
ergy has the minimum value. Thus, for ]T0, Tmax] the
preferred state correspond to stable large black hole.
However, for T < T0 the preferred state corresponds to
the small stable black hole. Thus, at T = T0 there is a
first order phase transition between large/small stable
black hole.
2.3.7 Behavior near critical points
Let’s define the following dimensionless variables
ω =
(
V
Vc
)2n−1
− 1 =
(
v
vc
)d−1
− 1 (47)
and
t =
T
Tc
− 1, (48)
to analyze the behavior nearby the critical points. It is
direct to check that near the critical points, i.e. V → Vc
(or v → vc) and T → Tc, the variables ω → 0, and t→ 0,
respectively. The pressure in Eq.(42) is displayed in table
2 at O(tω2, ω4). The truncation will be justified below .
In general it is possible to approximate the pressure as
p ≈ 1+ n
Z
t− nt
(d− 1)Zω −
(2d− 2n− 3)n
6Z(d− 1)3(2n− 1)2ω
3, (49)
whereas
dP = − Pcn
Z(d− 1)
(
t+
(2d− 2n− 3)
2(d− 1)2(2n− 1)2ω
2
)
dω. (50)
To compute the critical exponents one can follow [42].
– The α exponent describes the behavior of the heat ca-
pacity at constant volume defined as
Cv = T
∂S
∂T
∝ |t|−α. (51)
In the case at hand, since entropy and volume are both
functions of horizon radius, see Eqs.(32,33), then a con-
stant volume implies a constant entropy as well. There-
fore it is satisfied that Cv = 0 which implies that there
is no dependence on |t|. In turn this implies that
α = 0. (52)
– The exponent β describes the behavior of the order
parameter defined as
η = Vl − Vs ∝ |t|β . (53)
To compute this order parameter one can use theMaxwells
area law ∮
V dP = 0, (54)
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Table 2. Behavior of pressure near critical points .
n d p
1 4 p ≈ 1 + 8/3t − 8/9tω − 4/81ω3
1 5 p ≈ 1 + 12/5t − 3/5tω − 1/32ω3
1 6 p ≈ 1 + 16/7t − 16/35tω − 8/375ω3
3 8 p ≈ 1 + 72/7t − 72/49tω − 12/8575ω3
3 9 p ≈ 1 + 28/3t − 7/6tω − 7/6400ω3
3 10 p ≈ 1 + 96/11t − 32/33tω − 16/18225ω3
5 12 p ≈ 1 + 200/11t − 200/121tω − 100/323433ω3
where, the volume (47) is approximated such that V dP
is truncated to O(tω3, ω5), in other words,
V ≈ Vc
(
1 +
1
2n− 1ω
)
. (55)
Therefore, closed integral (54) becomes
Vc
∮
dP +
Vc
2n− 1
∮
ωdP = 0. (56)
The second integral of the left side of (56) yields∫ ωs
ωl
ωdP =
∫ ωs
ωl
ω
(
t+
(2d− 2n− 3)
2(d− 1)2(2n− 1)2ω
2
)
dω = 0.
(57)
which has the non trivial solution given by
ωs = −ωl. (58)
On the other hand, the first integral of the left side of
(56) yields∫ ωs
ωl
dP = 0
1 +
n
Z
t− nt
(d− 1)Zωl −
(2d− 2n− 3)n
6Z(d− 1)3(2n− 1)2ω
3
l =
1 +
n
Z
t− nt
(d− 1)Zωs −
(2d− 2n− 3)n
6Z(d− 1)3(2n− 1)2ω
3
s ,
(59)
This, by condition (58), yields
ωl = (d− 1)(2n− 1)
√
− 6
2d− 2n− 3 t, (60)
with t < 0. Replacing Eqs. (55) and (60) into Eq.(53)
one can obtain
η =
2Vc
2n− 1ωl = 2(d− 1)Vc
√
− 6
2d− 2n− 3 t, (61)
Comparing this result with Eq.(53) one can uncover
that
β =
1
2
. (62)
– Now one can compute the exponent γ which describes
the behavior under isothermal compressibility, κT , de-
fined by
κT = − 1
V
∂V
∂P
∣∣∣∣
T
∝ |t|−γ . (63)
By using Eqs.(49,55) one can prove that
∂P
∂V
= Pc
∂p
∂ω
∂ω
∂V
∝ −(2n− 1)Pc
Vc
n
(d− 1)Z t, (64)
and therefore
κT ∝ (d− 1)Z
Pcn(2n− 1)t , (65)
from which is direct to read that
γ = 1. (66)
– Finally, one can compute exponent δ which describes
the behavior on the critical isotherm T = Tc, and
therefore for t = 0. In this case this is defined by
|P − Pc| ∝ |V − Vc|δ. (67)
From Eq.(49), at t = 0, it is possible to notice that
p− 1 ≈ − (2d− 2n− 3)n
6Z(d− 1)3(2n− 1)2ω
3. (68)
Using the approximation of Eq.(55) one can show that
P − Pc
Pc
≈ − (2d− 2n− 3)n
6Z(d− 1)3(2n− 1)2
(
(2n− 1)V − Vc
Vc
)3
,
(69)
and therefore
δ = 3. (70)
This critical exponents just computed are similar to
those of Van der Waals gas. Although the presence of extra
dimensions and the value of n modify the value of the
compressibility factor respect to the well known value Z =
3/8, they do not affect the value of the critical exponents,
and thus, the behavior is still similar to that of Van der
Waals fluid near the critical exponents.
3 Conclusion and discussion
In this article it has been analyzed the thermodynam-
ics of the Pure Lovelock solutions in d dimensions, in an
extended phase space including the introduction of pres-
sure and volume as dual thermodynamic variables and the
mass parameter standing for the enthalphy of the system.
A linear relation between the cosmological constant and
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Fig. 4. Temperature behavior for n = 3 and d = 10 with
Q = 1 .
the thermodynamics pressure, valid for all value of n (odd)
and d, has been established. The thermodynamic volume
obtained corresponds to a generalization of the black hole
volume. The Smarr formula for Pure Lovelock gravity was
constructed as well.
In addition, it was shown that the variation of param-
eters are constrained to follow a first law of thermody-
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Fig. 5. Behavior of Heat Capacity for n = 3 and d = 10 with
Q = 1 .
namics in the extended phase space. The temperature is
defined by surface gravity, as usual, the entropy coincides
with the value computed a la Wald [49,55] and the electric
potential matches the usual known definition.
The equation state for the uncharged and charged cases
was obtained. For the uncharged case, a Hawking-Page-
Like phase transitions between thermal radiation and large
stable black hole has been found. For the charged case, it
was found that the compressibility factor, Z, is a generic
function of d and n given by equation (46). Remarkably,
Z < 1 estrictly and therefore the behavior always corre-
sponds to a real gas.
It was found the existence of a critical temperature,
Tc, where phase transitions occur. The mapping of the
p − v curves indicate that for Pure Lovelock gravity the
behavior is similar to an ideal gas for T > Tc. For T < Tc
the behavior is analogous to a Van der Walls fluid. Fur-
thermore, there are a first order phase transition between
small stable/large stable black hole, which are analogous
to liquid/gas phase transitions.
Finally, we have computed the critical exponents whose
values are similar to those of the Van der Waals gas. Fur-
thermore, it is possible to write the pressure as a generic
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Fig. 6. Behavior of Heat Capacity for n = 3 and d = 10 with
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function of n and d given by equation (49). Thus, the
presence of extra dimensions and the value of n does not
modify the known values of the critical points, therefore
the general behavior can be considered similar to a Van
der Waals fluid near the critical exponents.
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